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IDEAL PRECONDITIONERS FOR SADDLE POINT SYSTEMS
WITH A RANK-DEFICIENT LEADING BLOCK*

SUSANNE BRADLEY'

Abstract. We consider the iterative solution of symmetric saddle point systems with a rank-
deficient leading block. We develop two preconditioners that, under certain assumptions on the rank
structure of the system, yield a preconditioned matrix with a constant number of eigenvalues. We
then derive some properties of the inverse of a particular class of saddle point system and exploit
these to develop a third preconditioner, which remains ideal even when the earlier assumptions on
rank structure are relaxed.

1. Introduction. Consider the saddle point linear system

- b oJbl-)

where A € R™ ™ is symmetric positive semidefinite, B € R™*"™ and m < n. We
assume throughout this report that B has full row rank (a necessary condition for K
to be nonsingular).

When A is positive definite, certain block Schur complement preconditioners yield
preconditioned matrices with a constant number of eigenvalues [7]. Our goal in this
report is to develop such ideal preconditioners when A is singular. A common method
for dealing with a singular A is the augmented Lagrangian approach (see, e.g., [5]),
which replaces A with a positive definite augmented leading block of the form

A+ BTW—1B,

where W is a positive definite weight matrix. Our approach here is similar, but rather
than augment with the entire matrix B, we will use only as many rows of B as are
necessary to alleviate the rank-deficiency of A.

We will see that we can sometimes develop preconditioners that are not ideal in
general, but are ideal under certain assumptions on the rank structure of . Here we
define two such assumptions that will be relevant in the upcoming discussion.

DEFINITION 1.1 (Maximal rank-deficiency). Let K be a nonsingular symmetric
saddle point matriz with A € R™*" and B € R™*". We say that K has a mazimally
rank-deficient leading block if null(A) = m.

Because K is nonsingular if and only if ker(A) Nker(B) = § [1, Theorem 3.2],
having the nullity of A be greater than m would necessarily make X singular — hence
the term “maximally rank-deficient.” Estrin and Greif [2] develop preconditioners for
matrices with this property.

DEFINITION 1.2 (Minimal independence). Let K be a nonsingular symmetric sad-
dle point matriz whose leading block A has nullity mo = m —myq, for my > 0. We say
that IC has minimally independent off-diagonal blocks if B contains ma row vectors
outside the row space of A and my vectors within the row space. We write this as a
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3 x 3 blocking of IC:

A BT B
(1.2) K=|B. 0 0],
B, 0 0

where the rows of By € R™*™ are in the row space of A and those of By € R™2*"
are outside the row space of A.

Assuming that By contains the rows that are linearly dependent on A incurs no
loss of generality because, for any K that satisfies the minimal independence condition,
we can permute B so that this happens. We call this “minimal independence” because
if there were any fewer linearly independent rows in B, then K would be singular.
Matrices with a maximally rank-deficient leading block are a special case, with my
(the number of rows in the dependent block Bp) being zero. Notice also that this
definition guarantees that the submatrix

A BT
o ]

is invertible.

In section 2, we present two preconditioners that are ideal in the cases of max-
imal rank-deficiency of A and minimal independence of B. Section 3 explores some
unique properties of matrices with minimally independent B, which we then exploit
in section 4 to develop a 3 x 3-block preconditioner that remains ideal even when the
minimal independence assumption no longer holds. Table 1.1 summarizes the three
preconditioners presented in this report.

Preconditioner
Pa.p | Ps.p | Ps.r
Conditions under which P is ideal
Assumed null(A): m less than m less than m
Assumptions on B: none minimal none
independence
Properties of P
P positive definite? yes yes no
Need to split B? no yes yes
Need ker(A) basis? no no yes (or ker(Bz))
Described in: Subsection 2.1 Subsection 2.2 Section 4 (eq.
(ca. (2:2)) (cq. (2.4)) (4.2))
TABLE 1.1

Summary of preconditioners for nonsingular saddle point systems with a singular leading block,
where A € R*"*" B € R™*",

2. Preconditioners for special cases.

2.1. A preconditioner for maximal rank-deficiency. We assume here that
null(A) = m (the number of rows in B). This means we must augment the leading
block with all the rows of B in order to make it full rank. For a positive definite
weight matrix W € R™*™ we define the augmented system KCo(Wg) by

A+ BT™wWz'B BT
(2.1) Ko(Wg):= |40 T8 A
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We recall the following result about the Schur complement of the leading block
in Ko(Wp) (see [2, Theorem 3.5]):

PROPOSITION 2.1. Suppose null(A) = m and let Wg € R™*™ be an invertible
matriz. Then

B(A+BTW;'B)"'BT = Wp.

Motivated by this result, we precondition K by taking the block diagonal Schur
complement preconditioner [7, equation (2)] of Ko(Wg), given by

A+B™Wg5'B 0

(22) PQ,D = 0 WB .

The 2 in the subscript refers to the block size of the matrix and D refers to the
fact that the preconditioner is block diagonal. This particular preconditioner is also
described in [6].

THEOREM 2.2. Suppose null(A) = m and let W € R™*™ be a positive definite
matriz. The preconditioned matrix ’PQ_EIC has eigenvalues A = 1, —1, with respective
geometric multiplicities n and m.

Proof. The generalized eigenvalue problem is

(2.3a) Az + BTy = Mz + A\BTW ;' Bz;
(2.3b) Bz = A\Wgy.

We immediately obtain n eigenvectors by observing that (2.3) is satisfied for A = 1
by vectors of the form

€ n
|:WB_1_B(E:|7 .IER .

Moreover, any vector of the form

x
[—ngBa:} , € ker(A),

satisfies (2.3) for A = —1. Because null(A) = m, we have accounted for all n + m
eigenvectors of Py }DIC. d

This preconditioner can be used when A is not maximally rank-deficient, though
it will no longer be ideal. We refer the reader to [6] for analysis of this case.

2.2. A preconditioner for minimal independence. We now assume that B
is minimally independent and that the m rows of B have been partitioned as in (1.2)
—i.e., that with null(4) = ma,

A BT B
K=|B, 0 0],
Bo 0 0

where the rows of By € R"™ %™ are linearly dependent on the rows of A and those of
By € R™2X"™ are linearly independent.

The matrix A + B W 1B, will positive definite for any positive definite weight
matrix W € R™2*™2 (we omit the subscript to distinguish this from the m x m weight
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matrix Wp in the previous subsection). We adapt the preconditioner Pa p to this case
by defining the 3 x 3 block diagonal preconditioner:

A+ BITW1B, 0 0
(24)  Pyp= 0 (B1 (A+ BQTW‘lBg)‘lB}F) /20
0 0 w

When m; = 0 (i.e., B contains no rows that depend on A), this preconditioner

reduces to P2 p. We can view this preconditioner as applying P2 p to the subsystem
A BT

Y

the augmented leading block. We will show that the scaling factor of % for this Schur

complement leads to fewer eigenvalues of the preconditioned operator.

] and then handling the additional block B; with a Schur complement of

2.3. Spectral analysis for the minimally independent case. Before pre-
senting the spectral analysis of Ps. llle, we establish some lemmas that will prove
helpful. We begin by recalling the following result [3, Corollary 2.1]:

LEMMA 2.3. For matrices M, N € R™*"  if rank(M) = r, rank(N) =n —r, and
rank(M + N) = n, then (M + N)~*M is a projector of rank r.

When B is minimally independent, rank(A) = n — ma and rank(BI' W ~1B,) =
mg. Therefore, we can use Lemma 2.3 to establish the following:

LEMMA 2.4. Suppose that null(A) = ma, By is a subset of ma rows of B such

that L}t BOQT is invertible, and W is positive definite. Then (A+ BIW~1By)~tBT
is a null matriz of A.
Proof. We can write
A(A+BIW ™ 'By) 'BY = (A+BIW 'By — By W 'By)(A+ B3 W 'By) 'BY
=Bl —BIW 'By(A+ BIW ™ 'By)"'B].

By Lemma 2.3, (A+ BIW=1By)"'BIW 1B, is a projector of rank ms. Because
T
BIW ' By(A+ BIW By = ((A+ BIW ' By) ' BIW )

BIW=1By(A + BIW=1B)~! is also a projector of rank msy. Moreover, it is clear
that its range is a subset of range(BY). Because both BI and BIW1By(A +
BIW=1B3)~! have rank ma, we conclude that the projector’s range is in fact equal
to range(BY). Therefore,

A(A+ BIW=1By)"'BI = Bl — BfW'By(A+ BIW~'B,) ' BY
- B~ B
=0. d
This lets us make a more specific observation about these projectors.

LEMMA 2.5. Suppose that null(A) = ma, By is a subset of ma rows of B such

T
that[A By

B 0 ] is invertible, and W is positive definite. Then
2

A(A+ BIwW=1B,)"! =: Py

is a projector onto range(A) along ker(Bz).
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Proof. Because Lemma 2.3 tells us that PI is a projector of rank n — ma, we
deduce that P4 is as well. Notice that P4 is equal to A multiplied by a full-rank
matrix, which means that range(P4) = range(A).

Because null(P4) = ms, showing that the projection is along ker(Bs) is equivalent
to showing that PaBI = 0; this follows from Lemma 2.4. O

With this last result established, we can state our main result for this subsection.

THEOREM 2.6. Suppose that null(A) = ma, with B minimally independent and
partitioned as in (1.2), and let W be positive definite. The preconditioned matriz
P?:%)/C has eigenvalues A\ = —1, 1,2, with respective geometric multiplicities m1 + mao,
n—mqy, and m1.

Proof. Define Ay := A+ BYW~'B, and Sp := Blﬁ‘},lBlT. The eigenvalues of
Ps. llle are given by the generalized eigenvalue problem:

(2.5a) Az + BTy, + BYys = My
A

(2.5b) Bz = 55BYL;

(2.5¢) Bsyx = AMWys.

Obtaining y; = %SB?lle from (2.5b), yo = %W’lng from (2.5¢), substituting these
values into (2.5a), and multiplying both sides from the left by /I;Vl gives:

. 2 - 1
Ayt Az + XA‘}}BfSl;lle - XA;;BZ,TW*BQJC = Az.

Because Ay (A+ BIW™!B,) = I, we replace Ay} BIW !By by I — A} A. We then
multiply all terms by A\ and rearrange to give:

(2.6) N — At Az — ((I — Ayl A)+2 A5} BT S5 B, )x —0.
——
= P =1-P = P

Lemma 2.3 shows that P; is a projector. Consequently, I — P; is as well. Note also
that P, = fl;VlB;nglBl is a projector onto the range of fl;{,lBif We can now show
the desired geometric multiplicities by considering x in the ranges (or null spaces) of
the projectors in (2.6).

First, consider = € range(A;} B]'). Clearly, P,z = 2. And because all columns
of B are in range(A),

2.7 range(P,) = range(Ay;! BT') C range(Aj;} A) = range(P).
w1 w

Thus, Pix = 2 and (I — P1)z = 0, so (2.6) becomes A2z — Az — 2z = 0. This yields
the eigenvalues —1 and 2, each with geometric multiplicity m;.

Next, consider z € ker(A). Clearly, Piz = 0 and (I — Pi)z = z. Notice that
because the rows of By are in the row space of A, we can write By = QA for @ €
R™1X7 Thus,

(2.8) ker(A) C ker(By),

so Pyx = 0. Equation (2.6) then becomes A2z — z = 0, which yields A = 1, each
with geometric multiplicity ms.
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Lastly, let us consider the term ((I —P)+ Pz). Notice that

range(I — Py) = ker(Py) C ker(P),

where the second relation holds because of (2.8). Thus, the range of (I — P;) does
not overlap with that of Ps, so

rank ((I —P)+ 2P2) =rank(I — P;) + rank(P) = mg + my.

Another consequence of the lack of overlap is that ( (I-P)+ 2P2):C = 0 if and only
if (I — P)z =0 and Pz = 0. Therefore, any = € ker ((I - P)+ 2P2> also satisfies

Pyx = x, which means that (2.6) becomes A2z — A\r = 0. Because K is nonsingular,
A = 0 cannot be an eigenvalue; we therefore have n —m; —mo additional eigenvectors
corresponding to A = 1.

We have now accounted for all n 4+ m1 + mo eigenvectors, which completes the
proof. a

Remark 2.7. We saw that, by scaling the (2,2)-block of P3 p by 3, we obtain
a preconditioned operator with three eigenvalues. With minor modifications to the
previous analysis, it is easy to show that other scaling factors yield four eigenvalues.

In terms of the number of eigenvalues, there is no benefit in scaling the (1,1)- or
(3, 3)-blocks.

3. Block 3 x 3 inverse formulas for the saddle point matrix. Estrin and
Greif [2] showed that when A is maximally rank-deficient, the inverse of K has some
surprising properties. They then exploited these to develop a block triangular approx-
imate inverse preconditioner. In this section we show that analogous properties hold
when B is minimally independent; indeed, recalling that maximal rank-deficiency of
A is a special case of minimal independence of B, many of the results in [2] can be
re-derived as corollaries of the results presented here. Later (section 4), we derive
a block triangular preconditioner based on these insights. While the resulting pre-
conditioner is more expensive than the block diagonal preconditioners of section 2,
it is more generalizable: it remains ideal for systems in which A is not maximally
rank-deficient and B is not minimally independent.

We begin from two known expressions for the inverse of the standard 2 x 2 saddle
point system,

BT
=4 7).

When A is invertible, we can write (see [1, equation (3.4)])

-1 _ 4-1RTg-1 -1 —11RT g1

Sg'BA? -85t

where Sg = BABT. A second formula [1, equation (3.8)] does not require A to be
invertible, and instead makes use of a matrix Zz € R™*("=™) whose columns form a
basis for the null space of B:

Vi (I- VB.A)BT(BBT)71 ]

(32) K= {(BBT)lB(I—AVB) —(BBT)"1B(A — AV A)BT (BBT)~1

where Vg = Zg(ZEAZp) "1 ZE.
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3.1. Null-B; inverse formula. We now return our attention to the system /C.
Assume that B is minimally independent and split as in (1.2). We then partition K
as

A BT | BT
K= Bl 0 0

and treat it as a 2 x 2 block system with a singular leading block. We apply formula
(3.2) with

A BT
By O

For the null matrix Zg of B, we use

A_{ } B=[By 0].

Zpa 0
ZB:{(?Q I]’

where Zpo € R"*("=m2) {5 3 matrix whose columns form a basis for the null space of
By and I denotes the identity matrix of size m;. Computing Vi requires the inverse
of

v, [ZL,AZg, Z%L,BT
ZBAZB_{ A 271 1.

T
Because the rows of By are outside the row space of A, the matrix L? BOQ} is
2

nonsingular. This means that Z5,AZps is positive definite [1, p. 20], and that
ZgAZ B is a saddle point system with a positive definite leading block. Thus, we can
compute its inverse using (3.1) and substitute this back into formula (3.2) to obtain

X, xI x7T
(3.3a) Kt=1 X Xy XTI |,
X3 X5 Xg
with
(3.3b) X, =V -VBIS,'B,v
(3.3¢) Xy =S, BV
(3.3d) X3 := (ByBI)™'B, (1 — AV + AVB{ S;' B,V — BlTslelv)
(3.3¢) Xy =Syt
(3.3f) X5 = (BaB3 ) 'Bo(I — AV)BES,!
(3.32) Xg := —(BoBI) 1B, (A + B Sy'B1 — AVA— AVB{ S;;' B, —

BI'S'BiVA+ AVBlTSV1B1VA> Bj (B2B3)™ !,

where V' := ZBQ(Z£2AZBQ)71Z%12 and Sy := B;VBT.

A BT
By 0
invertible. But fortunately for us, the assumption that B is minimally independent
lets us simplify some of the uglier terms. We begin with another lemma featuring the
projection matrix P4 of Lemma 2.5.

Equation (3.3) holds for any symmetric nonsingular K such that is
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LEMMA 3.1. If null(A) = mg and By is a subset of mg rows of B such that

T
[g %2 ] is invertible, then AV = Py, where Py is a projector onto range(A) along
2
ker(Bs).

Proof. By writing
AV = AZBQ(ZEQAZBQ)71Z£27

we see that AV is a projector onto range(AZps) along ker(Bs). It is clear that
range(AZps) C range(A); moreover, A has rank n — mg and AZps has rank n — ma.
Because the range of AZps is a subset of the range of A, and both ranges have the
same dimension, we conclude that range(AZp2) = range(A). O

THEOREM 3.2. Let K have minimally independent off-diagonal blocks, with B
partitioned as in (1.2). Then the (2,3)-, (3,3)- and (3,2)-blocks of K% are equal to
zero, ti.e.:

X X X
K1l=|x x 0
x 0 0

Proof. We begin with the (2,3)-block of K1, denoted by X5 (eq. (3.3f)). Because
the columns of B are in the range of A, Lemma 3.1 implies that AV B{ = B{, which
gives (I — AV)BT = 0. Hence, X5 = 0.

Now consider the (3,3)-block, X4 (eq. (3.3g)). Using AVA = Aand AVBT = BT,
we find that the middle multiplicative term of X4 (between the large parentheses)
simplifies to zero, giving Xg = 0. d

We can also simplify the (3, 1)-block.

PROPOSITION 3.3. Let K be nonsingular with minimally independent off-diagonal
blocks, with B partitioned as in (1.2). Then the (1,3)- and (3,1)-blocks of K% can be
simplified by writing

X3 = (BB 1By(I — AV).

Proof. The result follows from the expression for X3 in (3.3d) and the observation
in the proof of Theorem 3.2 that AV B! = B O

Incorporating the results of Theorem 3.2 and Proposition 3.3 into the original
inverse formula (3.3), we obtain the following simplified formula when X has minimally
independent off-diagonal blocks:

V-VBTS;'B,v  VBTS;! (I -VABY(ByBT)!
1~V 1~V 2 2
(34) K'= Sy' BV -8yt 0
(BQB;)_IBQ(I — AV) 0 0

Because this expression uses a null space of By in computing V', we refer to it as the
null-By inverse formula.

3.2. Null-A4 inverse formula. The zero blocks in the inverse of I let us derive
a simpler expression for =1, We recall the following result [4, Proposition 2.1]:

PRrROPOSITION 3.4. Define

_[A+BTWIB BT

} and Ko(W) = B BE

T
KQ_[A B

B 0
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where A € R"*™ B e R™ " and W € R™*™_ [If Ky and Ko(W) are both invertible,
then

O e L

Therefore, when we augment the leading block of I with Bs, we obtain

A+ BIw-'B, BT BIT™! 00 0
(3.5) By 0 0 =K*t—=1]0 0 0
Bs 0 0 00 wt

=: K(W)

If W is positive definite, then A + B W ~1B, is positive definite. We can obtain the
inverse of (W) by partitioning the matrix into a 2 x 2 system and applying formula
(3.1), or we can compute it directly by Gaussian elimination. The result is

-1
(KW))~" =
A— ABTS5'B,A (I-ABTS5-'By)A;} BT sp! ABT 51
Sp'BiAy (I — BYS 1By A) —S5' — Sp'Bi Ay BT S 1B Ay BT St Sp'BiAy, BYS—1 |,
S5-1ByA S-1By Ay BT S5t —-5-1

where Ay = A+ BIW'B,, Sp := BiAy'BY, A .= Ay} — A BT S B A,
and S = BQABgT . This formula is valid for any 3 x 3 saddle point system with an
invertible leading block Ay .

When B is minimally independent, we can combine (3.5) with the result of The-
orem 3.2 that the (3,3)-block of X! is zero to conclude that

(3.6) S =W

It turns out that some of the terms of ((W))~! are related to the null space of A and
that we can further simplify our inverse formula using these connections. First, recall
from (2.8) that ker(A) C ker(Bj). This lets us establish the following simplifying
result:

PROPOSITION 3.5. Let K be nonsingular with minimally independent off-diagonal
blocks, with B partitioned as in (1.2). Then AI}} BT = ABT for any positive definite
w.

Proof. We can write

ABY = Ay} BY — A, BT S5 B Ay} BY
= (I - A, BTS;'B)A, BY.
Notice that A}, BY Sg' By is a projector onto range( Ay BY') along range(BY ). There-
fore, (I — A} BF'S5'B1) is a projector onto ker(By). By Lemma 2.4, Ay BY is a

null matrix of A. Thus, it is also a null matrix of Bj, and is therefore unchanged by
the projection. d

So far, all results presented hold for any positive definite W. The following
proposition — which is essentially the converse of Lemma 2.4 — shows how one specific
choice of W can lead to a simpler expression for K~ *.

PROPOSITION 3.6. Let Z4 € R"*™2 be a matrix whose columns form a basis of
ker(A). This matriz can be written in the form

Zy=Ay'BY
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with W = ByZ 4.
Proof. We first show that B2Z 4 is nonsingular. Assume that
(BQZA).I = BQ(ZA{E) =0

for some x. Clearly, Zaz € ker(A). Moreover, BoZsx = 0 implies that Zaz €
A BY
B, 0
nonzero vector Zax belonging to both null spaces would contradict this assumption.
Therefore, x must be zero, which means that B2Z4 is nonsingular.

Next, the matrix Z,4 is equal to A;[}BQT if and only if Ay Z, = BY. We now
confirm that when W = By Z 4,

ker(Bz). But, we assumed that is nonsingular, and the existence of a

AwZs = (A+ B (ByZ4) 'By)Zs = BY
for any Z4 such that AZ4 = 0, as required. d

We can now use the previous results to simplify the expression for IC!. Let us
denote the weight matrix by

(3.7) L:=ByZ,

to distinguish it from the arbitrary weight matrix W. We assume without loss of
generality that L is symmetric positive definite. (We say “without loss of generality”
because we can always make L positive definite by taking Z4(B2Z4)" as our null
matrix of A, and defining L = ByZ4(B2Z4)T.) We drop the subscript from the
corresponding augmented matrix Ay, and define

A=A, =A+BIL™'B,.

We can simplify the expression for (KC(W))~! as follows: replace all occurrences of
S with L (Equation (3.6)); A=*BT or ABY with Z4 (Propositions 3.5 and 3.6); and
B1Z 4 or Z§ BT with zero (Equation (2.8)). This gives

A—z,L717% A'BTSG' ZuL7!
(3.8) K= Sp'B A? -S5t 0
L'z% 0 0

We refer to equation (3.8) as the null-A inverse formula. Recalling that Z, = A~'BT
we can alternatively write the leading block in multiplicative form:

(I—A'BYSg'By)AN(I - BIL™'ZY) A'BYSg' ZaL!
(3.9) K7'= Sp'BiA! -S5! 0
L~'z% 0 0

4. A preconditioner for the general case. In this section, we propose a block
triangular preconditioner based on our insights about X~! from section 3. Though
these analyses assumed that B was minimally independent, we will combine elements
of the null-B; and null-A formulas to obtain a preconditioner that remains ideal
even when this assumption does not hold. While we continue to assume that B is

T

partitioned into B; € R™*" and By € R™2X" and that [234 %2
2

we no longer assume that the rows of By are in the row space of A.

The following result illustrates a connection between the null-Bs and null-A for-
mulas.

] is nonsingular,
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PROPOSITION 4.1. Suppose that null(A) = ma and Bs is a subset of ma rows of

T
B such that {A By

B 0 ] 1s invertible. Then
2

A1 -BIL 'z%) =,

where V = ZBQ(ZEQAZBQ)_lZEQ.
Proof. Notice that (I — B L=1Z1) is yet another expression for P4, the projector
onto range(A) along ker(Bsz). So by Lemma 3.1, we can write

(4.1) AN I -BfL™'Z%) = A1 AV.

Because AA~! = P4 (by Lemma 2.5), A7TA = (AAHT is a projector onto ker(By)
along range(A). This means that A= AZpy = Zps. Therefore,

A7TAV =,

which, together with (4.1), completes the proof. d

For the preconditioner, we set the (2,3)-, (3,2)-, and (3, 3)-blocks equal to zero, in
common with both inverse formulas. For the (1, 3)- and (3, 1)-blocks, we use the exact
values of the null-A formula. The four blocks in the top left we replace by a block
diagonal Schur-complement-like operator, but we use V in place of A1 yielding the
3 x 3 block triangular preconditioner:

|4 0 ZALfl
(4.2) Pir = 0 (B,VB])~! 0
L% 0 0

To show that this matrix is well-defined, we note that B,V B is invertible for
any nonsingular K. Writing

—1
BVBT = (BlzBQ)(Z§2AZBQ) (B1Z52)T

and recalling that ZEQAZ B2 is positive definite, we see that B;V B{ is positive definite
if and only if By Zps has full row rank. We prove this by showing that Z5, B{ has full
column rank. Assume that Z%, Bz = 0 for x # 0. Because BY is full-rank, this must
mean that B x € range(BY), which in turn implies that range(BY) Nrange(BZ) # 0.
This is a contradiction, as it implies that that [B? BY ] does not have full column
rank, which would mean that KC is singular.

We can now state the eigenvalues of the preconditioned matrix.

THEOREM 4.2. Suppose that null(A) = mo and By is a subset of ma rows of B
T
such that [;2 %2] 1s invertible. Then P;}IC has etgenvalues A = 1, %, %ﬁ,
with respective geometric multiplicities n — mq + mg, my, and my.
Proof. The preconditioned operator is
VA+ ZAL By v BY 0 1 vBY 0
PirK = | (BiVBI)"'B, 0 0| = |(ByVBI)'B; 0 0
0 L=ZTBT 1 0 L*ZiBT 1
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The second equality holds because VA = (AV)T = P (Lemma 3.1) and
ZAL'By=I—-(I—-BIL 'z =1 - P%.

Also note that we cannot simplify the (3,2)-block of P; 1K to zero, as we are no
longer assuming that Bj is linearly dependent on A.
We write the eigenvalue equations as

(4.3a) r + VB = Az
(4.3b) (BiVB]) 'Byx = Ay1;
(4.3¢) L' ZiBiyi + 42 = M.

We immediately find that A = 1 is an eigenvalue with multiplicity at least n—mj+mso,
with eigenvectors of the form

x
0| for z € ker(By), y2 € R™2.
Y2

For A # 1, we can eliminate y2 by setting

1
Y2 = mL 'ZiBiy,

by (4.3c). Next, we solve (4.3b) for y; and substitute into (4.3a) to give

1
z+ XVBf(BlVBlT)*lBla: = Az.

Note that VBT (B;V BI)~1 B is a rank-m; projector onto range(V BY). Considering
2 in this range, we obtain

1
+ —x = Az,
T+ x
which gives A = 1i2‘/5, each with multiplicity m;. Along with the n — my + mo
eigenvalues equal to 1, we have accounted for all eigenvalues. a

Remark 4.3. There are two ways to compute V. In practice, V' needs to be
approximated, and depending on the problem in question, one of these formulations
may be easier to handle. If we have a way to approximately form and solve the
augmented leading block, we could use

V=~ (A+BIL 'By) "I - BfL7'Z%).

Alternatively, if a null space of By is available and we can approximately invert
ZL,AZps, we could instead use

V ~ Zpy(Z5,AZpy) 1 ZL,.

Remark 4.4. This preconditioner can also be used if a null space of A is not readily
available but a null space of By is. We can use the second strategy of Remark 4.3
to approximate V' and replace the (3,1)- and (1,3)-blocks of Pj + by their null-B,
values, giving the mathematically equivalent but more expensive formulation:

14 0 (I — VA)Bg(BQBg)71
Pyr = 0 (B.VB{)™! 0
(BQBg)_lBQ(I — AV) 0 0
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Remark 4.5. If my = 0 and mge = m (i.e., A is maximally rank-deficient), then
this preconditioner is actually the exact inverse of K. See [2] for proof, and for
preconditioners derived by approximating the leading block.

5. Discussion and conclusions. We have presented three ideal precondition-
ers for saddle point systems with a singular leading block. The two block diagonal
preconditioners rely on assumptions about the rank structure of the matrix (maximal
rank-deficiency or minimal independence), while the block triangular preconditioner
does not. While the block diagonal preconditioners may be used when the rank struc-
ture assumptions do not hold, we will no longer have a constant number of eigenvalues
in the preconditioned operator. We refer to [6] for analysis of P2 p in the general case.
A corresponding investigation for Ps3 p is a subject for future work.

In practice, all three precondtioners will be too expensive to apply exactly. All
require inverting an augmented leading block and computing a Schur complement
or Schur-complement-like expression. Additionally, the 3 x 3 block preconditioners
require identifying a subset of rows of the off-diagonal block that are linearly inde-
pendent of the leading block, which may be difficult in some cases, and the block
triangular preconditioner requires a null space of A or Bs. Making these precondi-
tioners practical will require effective approximations to the more expensive terms.
These approximation strategies will need to be informed by the problem to be solved.
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